Based on his earlier work on the vibrations of 'drums with fractal boundary', the first author has refined M. V. Berry's conjecture that extended from the 'smooth' to the 'fractal' case H. Weyl's conjecture for the asymptotics of the eigenvalues of the Laplacian on a bounded open subset of W (see [16] ). We solve here in the one-dimensional case (that is, when n = 1) this 'modified Weyl-Berry conjecture'. We discover, in the process, some unexpected and intriguing connections between spectral geometry, fractal geometry and the Riemann zeta-function. We therefore show that one can 'hear' (that is, recover from the spectrum) not only the Minkowski fractal dimension of the boundary-as was established previously by the first author-but also, under the stronger assumptions of the conjecture, its Minkowski content (a 'fractal' analogue of its 'length').
Introduction
Let Q be an open set in U n (n 5= 1), with boundary T = 3Q. We assume that Q is non-empty and bounded (or, more generally, of finite volume), but otherwise arbitrary. We consider the following eigenvalue problem:
-Aw = Au in Q, (1.1) M = 0 onT, (1.2) where A = E*=i 9 2 /dxl denotes the Dirichlet Laplacian on Q. In this general setting, the problem (P) is interpreted in the variational sense. More precisely, the scalar A is said to be an eigenvalue of (P) if there exists u =£ 0 in Hl(Q) (the closure of CQ(Q), the space of smooth functions with compact support contained in Q, in the Sobolev space // X (Q)) satisfying equation ( As is well-known, the spectrum of (P) is discrete and consists of a sequence (A r )" =1 of eigenvalues (with finite multiplicity) written in increasing order according to their multiplicity: 0 < A 1^A 2^. . .^A r^. . . , with A f ->+oo as r-+<*>.
Let N(X) denote the (eigenvalue) "counting function' of (P); that is, for A>0, A/(A) = # { r^l : A r^A } (1.3) is the number of eigenvalues of (P) up to A, counted according to multiplicity.
Generalizing H. Weyl's classical theorem, G. Metivier [28] showed that 7V(A) = (l + o(l))<p(A), asA->+oo, (1.4) where the 'Weyl term' cp(k) is given by
(1.5)
Here, \A\ n denotes the n-dimensional Lebesgue measure or 'volume' of AczU" and $" is the volume of the unit ball in IR". It is natural to wonder whether the asymptotic expansion of N(X) admits a second term. In the 'smooth' case, this was conjectured by H. Weyl [35] where <€" is a positive constant depending only on n. Here, \T\ n^i denotes the (n -l)-dimensional volume of F; for example, the length of F c U 2 if n = 2. An important step on the way to Weyl's conjecture was made by R. T. Seeley [30, 31] , and then, when n^4 , by Pham The Lai [29] . Extending, in particular, earlier work of L. Hormander [11] , they showed that if F is 'smooth' (that is, of class C 00 ), then the following sharp remainder estimate holds: Further, V. Ja. Ivrii [13, 14] has established (1.6) under an additional assumption (roughly, that the set of 'multiply reflected periodic geodesies in Q is of measure zero'). Therefore, under these hypotheses, the conclusion of Weyl's conjecture is true. (For related results, see also R. B. Melrose's work [26, 27] ; a synthesis of the methods of Ivrii and Melrose is provided in [12] .)
N(X) = <p(A) + O(A ( "-
What happens if the boundary is 'non-smooth'? The physicist M. V. Berry [1, 2] -motivated in part by the study of the scattering of waves from rough surfaces and the study of porous media-conjectured that if F is 'fractal', then
N(X) = <p(A) -<6», H %{H ; T)k H/2 + o{X H '
2 ), as A-» + oo, (1.8) where % nyH is a positive constant depending only on n and H. Here, H denotes the Hausdorff dimension of the boundary T and #?(// ; F) the (normalized) //-dimensional Hausdorff measure of F. (Of course, if F is 'smooth', say of class C 1 , then H = n -\ and (at least formally) we recover (1.6) from (1. where T(s) denotes the classical gamma function. Unfortunately, Berry's beautiful conjecture has turned out to be false. In an important paper [6] , J. Brossard and R. Carmona disproved Berry's conjecture and suggested that the Minkowski dimension was more appropriate than the Hausdorff dimension to measure the 'roughness' of the boundary F. In fact, under suitable hypotheses, they obtained one-and two-sided estimates for the second term (expressed in terms of the Minkowski dimension) in the asymptotic expansion of the 'partition function' Z(t) = E7=i e~k rt , a well-known 'smoothing' of the 'counting function' N{X). Although it is known how, via Tauberian theory, to get the asymptotics for the second term for Z{t) from such a result for N{X), no known Tauberian theorem allows us to go in the other direction. In this paper, we shall prove Conjecture 1 (the 'MWB conjecture') when n = 1. (See Corollary 2.3 below.) In the process, we shall establish some unexpected and intriguing connections with the Riemann zeta-f unction. Indeed, we shall show that the constant c 1 D occurring in (1.11) is given by where £ = £(s) denotes the Riemann zeta-f unction. (Since n = 1, we have D e (0, 1) and thus £(D) < 0, so that c hD > 0.)
In proving these results, a key step consists, for a fixed D e (0, 1), in obtaining a necessary and sufficient condition for the Minkowski measurability of r = 3Q in terms of the sequence of lengths (/,•)£= i of the connected components (open intervals) of the open set Q c IR; namely, if (/ ; )/°=i is chosen to be non-increasing (which is always possible since |Q| t = £°°= 1 /, < +°°), this condition is given by lim ljj VD = L, for some L > 0.
(1.14)
We also examine here the case when T is not (necessarily) Minkowski measurable. In particular, in [16] , the following conjecture was made (see [ where there are 2 k~l copies of 3~k, for k = 1, 2, ... . Then clearly, (1.14) does not hold, so that T is not Minkowski measurable. However, the hypothesis of Conjecture 1' holds, so that from our result in the one-dimensional case, the two-sided estimate of Conjecture 1' holds. In fact, we prove that the asymptotic expansion of N(X) does not admit a second term (or, more precisely, that A~D /2 (<p(A) -Af(A)) does not converge, as A-> +°°). It is somewhat a surprise to us that the supposedly 'trivial' case n = 1 contains so many non-trivial results. The natural question is how much of this work generalizes to the cases where n ^ 2. In a subsequent paper, we shall show in fact that Conjecture 1 is not true when n ^ 2. It turns out that, at least for several classes of examples, what plays the role of £(s) in the case where n = 1 are various Epstein zeta-functions and other Dirichlet series. We still conjecture that Minkowski measurability implies the existence of a second term in the expansion of N(X) that is proportional to k D/2 . However, the constant coefficient of this term must depend on Q in a more complex way than is suggested in the conjecture. In fact, a revised form of Conjecture 1 will be presented in this forthcoming paper that gives the constant in terms of a limit involving the spectral zeta-function associated with the boundary value problem (P).
The remainder of this paper is organized as follows. In the next section, we present more precisely some of our results. In § 3, we prove, in particular, Conjecture 1', as well as its converse, when n = 1. We also give several examples that illustrate the pathologies that may occur (see §3.3). In §4, we prove the 'MWB conjecture' (Conjecture 1) when n = 1 and establish in the process the connection with the Riemann zeta-function (see §4.2). We also obtain the aforementioned characterization of 'Minkowski measurability' (see §4.1).
Moreover, in § 4.3, we illustrate our results by two instructive examples.
Some of the results of this paper were announced earlier in [22] . indeed, this identity is obvious for Re s > 1 and the integral in the right-hand side of (2.3) is analytic for Re s > 0. 
Statement of the main results
Recall that in ( 
D(T)e (0,1).

THEOREM 2.2 (characterization of Minkowski measurability). The sequence (lj)J=\ associated with Q satisfies hypothesis (2.4) if and only if T=dQ is Minkowski measurable and has Minkowski dimension D e (0, 1) (that is, if and only if the hypotheses of the 'modified Weyl-Berry conjecture' are satisfied). In addition, in this case, we have
(2.7)
By combining Theorems 2.1(b) and 2.2, we can now establish Conjecture 1 [16, Conjecture 5.1, p. 520] in the case when n = 1. We also obtain the exact value of the constant c l o which is expressed in terms of £(£>). COROLLARY (ii) r = dQ has Minkowski dimension D and
(resolution of the modified Weyl-Berry conjecture in the one-dimensional case). Let Q be a bounded open subset of U such that T = dQ is Minkowski measurable and of Minkowski dimension D e (0, 1). Then
Note that (2.2) gives the identity <p(A) -N(X) = EJLi {Ijx} with x = x~lti, so that the equivalence (iii)<=>(iv) in Theorem 2.4 is immediate.
We shall also provide additional results connected with the one-sided estimates of [16 Note that the assumption in our results that Q is bounded may be relaxed to |Q|,<+oo.
Since, when n = \, the Sobolev space Hl{Q)czH 
with c x D given by (2.9). These results extend those of [6] in the case where n = \. It is natural to wonder whether Theorem 2.1 admits a converse. After this work was completed, M. L. Lapidus and H. Maier [21] we have that We can now state the following result that will be used, in particular, in the proofs of Theorems 2.4 and 2.2: 
In view of definition (3.4), we now obtain (3.6) by taking the lower and upper limits as e->0 + in (3.12). Further, (3.6) implies that (/,•)£= i has Minkowski dimension D. This establishes Part (a) and concludes the proof of Theorem 3.1.
Here and henceforth, it will be convenient to adopt the following notation. If (/,)"=! is any positive non-increasing sequence such that £°°=i /, < +°°, we set, for so that using 0 «£ {v} < 1 for all v, we obtain
' From (3.9) with 2e = x~l, we have as x-* + 00 ,
Similarly, from (3.11) with 2e = x~l, we have as JC-» +<»,
Putting these inequalities into (3.16) yields, as x-+ + 00 , from which, in view of definition (3.14), the conclusion (3.15) of Theorem 3.2 follows at once.
Proof of Conjecture V and of its converse
The following result contains the implication (iii) => (i) in Theorem 2. REMARK 3.4. We have used the full hypothesis (3.17) to prove (3.24), but only the assumption 6* := \\msup x^,+<x x~Dd(x)< +<» to prove (3.28) . In other words, with the notation of (3.5) and (3.14), 8* < +°° implies that /S < +°°. On the other hand, ar>0 seems to require both 6*>0 and <5*<+°°. We shall discuss this issue later in this section. We note that in the above statement, a > 0 means that a e (0, +«>]. It should be clear from the context when we use such a convention elsewhere in the paper.
In order to prove Theorem 3.5, we shall use the following lemma. Since by assumption, ^* < +<», we thus have d* < +°o. The fact that j8 < +<» now follows from Remark 3.4.
REMARK 3.8. From the above proof, we deduce that Ji* < +<» implies S* < -l-oo, a (one-dimensional) result contained in [16] .
Further related results: one-sided estimates and examples
Recall the definitions of M*, M*, a, P, 6*, d* from (3.4), (3.5) and (3.14). These quantities are functions of a number D e [0, 1] and a non-increasing sequence (/,-)"= i of positive numbers.
We establish here further results related either to Conjecture 1' or to its converse. We obtain, in particular, an analogue of Theorem 2.4 for one-sided estimates; to do so, we shall need the following converse to Theorem 3.7. In view of (3.38), our result follows from this inequality and (3.39).
We can now state the counterpart of Theorem 2.4 for one-sided (upper) estimates. It shows, in particular, that (when n = 1 and D e (0, 1)) the conclusion of [16, Theorem 2.1, p. 479] (in the case of the Laplacian) is equivalent to its hypothesis. ), as A-* +oo.
Proof. The fact that (i) implies (ii) follows from Theorem 3.9; (ii) implies (iii) is just the one-dimensional case of [16, Theorem 2.1 or Corollary 2.1, pp. 479-480], and an independent proof of it was given above (see Remark 3.8). Finally, the fact that (iii) implies (i) follows from Remark 3.4. (Statements (iii) and (iv) are obviously equivalent.)
We now turn our attention to one-sided lower estimates. It turns out that the natural analogue to Theorem 3.10 is not true. First we record two simple implications concerning lower estimates. THEOREM 
Let De(0,l)
and let (/y)y°=i be an arbitrary non-increasing positive sequence such that Ey°=i/y<+°°. Then ar>0 implies M*>0 and <5*>0 implies M*>0.
Proof. In view of definitions (3.2) and (3.4), the first assertion follows immediately from the first inequality in (3.9). The second assertion follows immediately from taking JC-» +<» in (3.37).
It turns out that there are no other relationships between a, M* and 6* than those given in Theorem 3.11. That is, it is possible for or>0 with <5*=0, for M* > 0 with a = 6* = 0, and for 6* > 0 with a = 0. The following examples illustrate these phenomena. 2 .
Proof. The proof of Theorem 4.1 is rather long and difficult, although of an elementary nature; it is divided into two steps. The heart of the proof, provided in Step 1, consists in establishing the theorem under the assumption that the sequence (/ y )7=i is strictly monotone and l j+x llj-> 1. Then, in Step 2, we show that the general case can always be reduced to the special case treated in Step 1.
Step 1. We assume that (/,)"=i is strictly decreasing and that l j+1 /lj->1, as To conclude the proof of Step 1, we need to show that lim inf, Woo <x } 2* L. Suppose not. Then there are some 0 with 0 < 6 < 1 and an infinite set S of subscripts / with a) =s L(l -0) for all / e 5. Let
it easily follows that 0 < e < 0 .
For each large j \ e 5, there is a unique j 0 = y o (/i) such that 7o <h> oc h > L{\ -e), and if j o <j <j u then or, < L(l -e).
Indeed, the existence of j 0 for all large j t e S follows from the second inequality in (4.5). For any/ 2 >/i, we have Step 2. We now show that we may reduce the general case to the situation where (/,-)/! i is strictly decreasing and l j+x llj-*\. To this end, let (/y)y°=i be an arbitrary sequence satisfying the hypothesis of the theorem.
If lj > l j+u we have /(/,) =j and
We conclude from 
Existence of a second term: the Riemann zeta-function
We conclude here the proof of Corollary 2.3 (Conjecture 1 in the case where n = 1) by proving Theorem 2.1, which we restate as follows: A similar computation shows that
Since e > 0 can be chosen arbitrarily small, we have (4.21). 
By letting k-*<*> and using (4.24), we obtain (Lx)~Dd(x)-+ -£(£>) as jt->+°°; that is, (4.14) holds, as desired.
Examples
We illustrate our main results with two instructive examples. The first is actually a family of examples that illustrate Conjecture 1 (equivalent to Corollary 2.3) for all values of D G (0, 1). Working out the details for this family of examples (with expert help on the computer from Mr Vivek Shivpuri) actually led us to our main results in this paper. This family was also used to illustrate the error estimates (in the case where n = 1) in [16] . The second example is the complement in [0,1] of everybody's 'favourite fractal' in dimension one, namely the ternary Cantor set. This example illustrates Conjecture 1' and its converse (see Theorem 2.4) and, in particular, shows that these results are the best possible. The expression at the end of equation (4.26) is less than
i=i that is, we have just replaced each {3~'x} with 1. Thus
], the expression on the right-hand side of (4.27) is maximized at the end points of this interval and has the value 2 at both end points (again using D = In 2/ln 3). 
Remarks
We close this section with two related comments. As should be clear to the reader, the second one is of a purely speculative nature. Could there exist a notion of 'complex fractal dimension' which would enable us to obtain a natural interpretation of £ and A in the 'critical strip' 0 < R e s < l ? If so, we might extend to the complex domain the following observation: the vertical line R e 5 = 0 to the left of the 'critical strip' would correspond to the least 'fractal' (that is, 'non-fractal') case. Similarly, the vertical line Re s = 1 to the right of the 'critical strip' would correspond to the most 'fractal' case. Moreover, the symmetries of £ and A with respect to the 'critical line' Re s = \ (the 'midfractaV case, in the sense of [16] ) could naturally be r e i n t e r p r e t e d i n t e r m s o f t h e 'conjugate fractional exponents' s a n d 
